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1. Introduction
For a compact oriented k-dimensional manifold Mk immersed in euclidean space Rn , Banchoff and Pohl considered the
following integral on LRn−k−1, the space of (n − k − 1)-dimensional aﬃne subspaces:
A(M) = ω2i
ωi
∫
LRn−k−1
λ2(E,M)dE, (1)
where λ denotes the linking number, and dE is a suitably normalized invariant measure on LRn−k−1. The constants ωi denote
the volume of the unit ball in Ri . If M is embedded in an aﬃne subspace of dimension k + 1, then A(M) coincides with
the volume of the ﬂat (k + 1)-dimensional region enclosed by M . This is a consequence of the classical Crofton formula of
integral geometry.
Among other results, Banchoff and Pohl expressed A(M) as an integral on M × M of some natural 2k-form, and showed
isoperimetric inequalities involving A(M). Specially, when M is a closed curve in Rn they proved
4π A(M) L2
where L is the length of M . This generalizes to space curves the classical isoperimetric inequality of the plane.
Recently, Bernig and Fu (cf. [4]) have extended the classical kinematic formulas of integral geometry to the standard
hermitian space Cn , under the action of the aﬃne unitary group U (n) = U (n)  Cn . The purpose of the present paper is to
extend the above mentioned results of Banchoff and Pohl to this context. Hence, given a compact oriented manifold M2k−1
smoothly immersed in Cn , we are interested in
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∫
LCn−k
λ2(,M)d, (2)
where LCn−k denotes the space of complex aﬃne subspaces  of complex dimension n − k, endowed with a U (n)-invariant
measure d.
Our main result is the following inequality: if M is a closed curve of length L in Cn , then
4π2 I(M) L2 (3)
with equality if and only if M is a circle contained in a complex line, possibly traversed a number of times in the same
direction. For general submanifolds we will prove a reproductive property for I(M), as well as a representation for it as a
double integral.
In order to ﬁx the normalization of the measures dE,d used in (1) and (2), let us ﬁrst describe the space LKn−1 of
hyperplanes in Kn , being K = R or C. For each  ∈ LKn−1 we choose its nearest point z to the origin, and the linear space
l ∈ KPn−1 orthogonal to  either with respect to the euclidean product of Rn , or the hermitian product of Cn . This identiﬁes
LKn−1 with F = {(z, l): z ∈ l ∈ KPn−1}. Clearly F is a submanifold of Kn × KPn−1, which has a natural riemannian product
metric (the Fubini–Study metric is taken on CPn−1). Hence, F has an induced metric, and a corresponding volume element
(density) dF . We will normalize this measure by taking dE = 2πωn−1 dF for K = R, and d = 1ω2n dF if K = C. This choice
was already taken in [4], and will simplify the constants in our formulas. In particular, this normalization makes I(M)
independent of the ambient dimension.
To describe the measures of higher codimensional planes we follow the construction introduced by Álvarez Paiva and
Fernandes in [2]. In fact, our methods are very close to those proposed in [2] and [3]. Consider
π : LKn−1×
k· · · ×LKn−1 \k → LKn−k
where k = {(1, . . . , k): dimK 1 ∩ · · · ∩ k = k}, and π(1, . . . , k) = 1 ∩ · · · ∩ k . Then we choose on LKn−k the push-
forward measure dn−k = π∗(d × · · · × d). All these measures are given by densities. Indeed, the operations of pull-back
and push-forward are available on densities (cf. [3]). In case K = C, the space LCr is orientable, so dr is in fact given by
a differential form. At some points we will consider the space of oriented k-dimensional real subspaces LR,+k , which is a
double cover of LRk , and is an orientable manifold. Hence, the density dE can be pulled back to LR,+k yielding a differential
form. The space of oriented lines LR,+1 will play a special role, and will be simply denoted by L+ .
2. Curves
We begin with the case of curves in Cn . The main result in this section is the isoperimetric inequality (3). As a ﬁrst step
we prove the following result that can be compared with [5, Theorem 3]. We denote by 〈z,w〉 = ∑ j Re(z j · w j) and by
J (z) = i · z the euclidean and complex structures of Cn .
Proposition 2.1. If M is a closed curve in Cn, then
I(M) = −ω2n−1
4ω2n
∫
LR2n−1
( ∑
x,y∈E∩M
ε(x)ε(y)
∣∣〈y − x, J u〉∣∣)dE (4)
where u is a unit vector orthogonal to the moving hyperplane E, we denote by ε = ±1 the intersection sign of M with E, and the sum
is taken on ordered pairs inside E ∩ M.
Proof. By the description of d above,
I(M) = 1
ω2n
∫
CP
n−1
(∫
l
w2
(
z,πl(M)
)
dz
)
dl (5)
where w denotes the winding number, dl is the volume form in CPn−1, and πl : Cn → l is the orthogonal projection with
respect to the euclidean structure of Cn . For a closed curve C ⊂ R2, it was seen in [5] that
∫
R2
w2(z,C)dz = − 1
2π
2π∫
0
∞∫
0
( ∑
x,y∈e∩C
ε(x)ε(y)‖y − x‖
)
dp dθ (6)
where e denotes the line with equation cos θx+ sin θ y = p, and ε denotes the intersection sign of e with C .
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ψ∗(dE) = 2πω2n−1 de∧π∗ dl where de is a density in F restricting to dp dθ on each ﬁber of π : F → CPn−1. Therefore, by the
coarea formula, and using (5) and (6) we get (4). 
For curves M in euclidean space, it was shown in [5] that
A(M) = 1
2π
∫
M×M
r · φ∗θs,
where r(x, y) = ‖y − x‖, the mapping φ : M × M \  → L+ maps x, y to the oriented line going through x ﬁrst and then
through y (here  is the diagonal), and θs is the following canonical symplectic form of L+ . Let e ∈ L+ be given by a point
x and a positive unit vector v . Let v, v2, . . . , vn be an orthonormal basis of Rn . Then
θs =
n∑
i=2
〈dx, vi〉 ∧ 〈dv, vi〉.
This 2-form is independent of the choice of the basis, and is invariant under rigid motions. Of course, this symplectic
structure is also present in the space of oriented real lines of Cn ≡ R2n . In that case, the following 2-form is also well-
deﬁned on L+ and U (n)-invariant
ϕ = 〈dx, J v〉 ∧ 〈dv, J v〉.
Proposition 2.2. If M is a closed oriented curve in Cn, then
I(M) = 1
4π2
∫
M×M
r ·Φ∗(θs + ϕ).
In particular, I(M) does not change after C-linear inclusions Cn ⊂ Cn+m.
Proof. Consider the commutative diagram
F2
π2
φ F1
π1
π
M × M \ φ L+ LR,+2n−1
where F2 = {(x, y, E) ∈ (M × M \)× LR,+2n−1: x, y ∈ E} and F1 = {(e, E) ∈ L+ × LR,+2n−1: e ⊂ E} with the obvious mappings.
Let f be the function deﬁned on F1 by f (e, E) = |〈 Ju, v〉| where u is a unit normal vector to E and v is a unit vector in
the direction of e. Now, by Lemma 2.20 of [1] and the deﬁnition of push-forward,∫
M×M\
r · φ∗ ◦ (π1)∗
(
f ·π∗ dE)= ∫
M×M\
r · (π2)∗ ◦ φ∗
(
f ·π∗ dE)
=
∫
F1
π∗2 r · φ∗( f ) · (π ◦ φ)∗ dE
=
∫
LR,+2n−1
( ∑
x,y∈M∩E
ε(x)ε(y) · r(x, y) · f ◦ φ(x, y, E)
)
dE (7)
where the last equality follows from the coarea formula applied to the map π ◦ φ.
It remains only to compute (π1)∗( f · π∗ dE). Let us describe a generic element (e, E) of F1 by a point p ∈ e and two
unit vectors v,u (chosen in accordance to the orientations) such that e = p + (v)R , and E = p + (u)⊥ . Then
π
2
ω2n−1 dE = 〈dx,u〉 ∧ 〈dv,u〉 ∧ dS2n−2u
where dS2n−2u denotes the volume element of u inside the sphere S2n−2 = S2n−1 ∩ (v)⊥ . Let now v2 = J v , be completed to
an orthonormal basis v2, . . . , v2n of (v)⊥ . Then, denoting ui = 〈u, vi〉, we have
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2
ω2n−1 dE =
(
2n∑
i, j=2
uiu j〈dx, vi〉 ∧ 〈dv, v j〉
)
∧ dS2n−2u .
From that, integration of |u2|dE on the sphere S2n−2 gives
(π1)∗
(
f ·π∗ dE)= 2ω2n
π2ω2n−1
(
2〈dx, v2〉 ∧ 〈dv, v2〉 +
2n∑
i=3
〈dx, vi〉 ∧ 〈dv, vi〉
)
.
Together with (7) and (4) this ﬁnishes the proof. 
We are now in position to prove our main result.
Theorem 2.3. Let M be a closed curve in Cn of length L. Then
I(M) 1
4π2
L2, (8)
with equality if and only if M is a union of coincident circles contained in a complex line, each possibly traversed a number of times
in the same sense.
Proof. It was shown by Banchoff and Pohl that
∫
M×M
rφ∗(θs)
L2
2
(9)
with equality if and only if M is a circle, possibly with multiplicity in the sense of the statement. Next we show that
∫
M×M
r · φ∗(ϕ) L
2
2
.
We start with
rφ∗(ϕ) = −〈x′(s), J v〉〈y′(t), J v〉ds ∧ dt = cos θ1 cos θ2 ds ∧ dt
where v = (y(t) − x(s))/‖y(t) − x(s)‖, and θ1, θ2 ∈ [0,π ] are the angles  (x′, J v) and  (−y′, J v) respectively. It is elemen-
tary to see that
〈
x′,−y′〉= cos θ1 cos θ2 + cosτ sin θ1 sin θ2,
where τ ∈ [0,π ] is the angle between the oriented planes J v ∧ x′ and J v ∧ y′ . Since∫
M×M
〈
x′(t), y′(s)
〉
ds ∧ dt = 0,
we get ∫
M×M
cos θ1 cos θ2 ds ∧ dt = 1
2
∫
M×M
(cos θ1 cos θ2 − cosτ sin θ1 sin θ2)ds ∧ dt.
Now
cos θ1 cos θ2 − cosτ sin θ1 sin θ2 = cos(θ1 − θ2)− (1+ cosτ ) sin θ1 sin θ2  1 (10)
with equality iff θ1 = θ2 and τ = π ; i.e. if x′ − y′ is proportional to J v . This proves inequality (8). Now assume we have
equality in (8). Then equality must hold in (9), so M is a circle. Also (10) must be an equality. In particular, for x(s), y(t)
the extreme points of a diameter of M we have that x′(t) and y′(s) are both parallel to J (y(t)− x(s)). This is only possible
for all diameters if M is inside a complex line. 
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It was seen in [5, Theorem 3] that A(M) satisﬁes a reproductive property. Next we show the analogous property for
I(M).
Proposition 3.1. Let M be a compact manifold of dimension 2k − 1 immersed in Cn. For n − k <m < n∫
LCm
I(M ∩ m)dm = I(M).
Proof. Let us consider, for 0< i, j < n with i + j > n the following map
π : LCi × LCj \ −→ LCi+ j−n
(i,  j) −→ i ∩  j,
where  contains the non-transversal pairs (i,  j). By construction of the measures, π∗(di ∧ d j) = di+ j−n . Hence,∫
LCm
I(M ∩ m)dm =
∫
LCm
∫
LC2n−m−k
λ2(M ∩ m, 2n−m−k)d2n−m−k dm = I(M)
since λ(M ∩ m, 2n−m−k) = λ(M, m ∩ 2n−m−k). 
We will ﬁnish with the extension to higher dimensions of Proposition 2.2. The result will be expressed in terms of the
following invariant 2-forms of SCn = Cn × S2n−1, which appear already in [4, Section 3.1]. Let (z1, . . . , zn, ζ1, . . . , ζn) be
standard coordinates in Cn × Cn and let z j = x j + iy j , ζ j = ξ j + iη j . Then θ0, θ1, θ2 ∈ Ω2(SCn) are given by
θ0 :=
n∑
j=1
dξ j ∧ dη j,
θ1 :=
n∑
j=1
(dx j ∧ dη j − dy j ∧ dξ j),
θ2 :=
n∑
j=1
dx j ∧ dy j .
Proposition 3.2. Let F = {(e, ) ∈ LR1 × LCn−1: e ⊂ }. Consider the projections
F
π1 π2
LR1 LCn−1.
Then Θ := (π1)∗ ◦π∗2 dn−1 ∈ Ω4(LR1 ) is characterized by the fact that its pull-back through the canonical map π : SCn → LR1 is
π∗Θ = 1
4π2
(
4θ0θ2 − θ21 − θ2s
)
.
Proof. Consider the commutative diagram
F1
p1 ρ2
p2 F2
ρ1
LR1 Fπ1 π2 LCn−1
where F1 = {(e, E, ) ∈ LR1 × LR2n−1 × LCn−k+1: e ⊂ E ∩ }, F2 = {(, E) ∈ LCn−1 × LR2n−1:  ⊂ E} and all maps are obvious
projections. Let dθ ∈ Ω1(F2) denote the global angular form of the S1-bundle ρ1; i.e. dθ = 〈du, Ju〉 where u denotes the
unit normal vector of each hyperplane E . Then (ρ1)∗(ρ∗ d∧ dθ) = 2π d. By [2, Theorem 2.2], we have1
658 G. Solanes / Differential Geometry and its Applications 29 (2011) 653–659(π2)∗ ◦π∗1 d =
1
2π
(p1)∗p∗2
(
ρ∗1 d∧ dθ
)
.
In order to compute the latter, let the elements (e, , E) ∈ F1 be described by a point z and two unit vectors v,u such that
e = z + (v)R , E = z + (u)⊥R , and  = z + (u, Ju)⊥R . Then
ω2np
∗
2
(
ρ∗1 d∧ dθ
)= 〈dz,u〉 ∧ 〈dz, Ju〉 ∧ 〈dv,u〉 ∧ 〈dv, J u〉 ∧ dS2n−3u .
Let us complete v, J v to an orthonormal basis of Cn of the form v, J v, v2, J v2, . . . , vn, J vn . Taking ai = 〈u, vi〉,bi = 〈u, J vi〉,
u =
n∑
i=2
ai vi + bi J vi, J u =
n∑
i=2
−bi vi + ai J vi .
Denoting dxi = 〈dz, vi〉, dyi = 〈dz, J vi〉, dξi = 〈dv, vi〉, dη j = 〈dv, J vi〉,
ω2np
∗
2
(
ρ∗1 d∧ dθ
)= n∑
i, j,k,r=2
(ai dxi + bi dyi)∧ (−b j dx j + a j dy j)
∧ (ak dξk + bk dηk)∧ (−br dξr + ar dηr)∧ dS2n−3
=
[∑
i, j
(
a2i + b2i
)(
a2j + b2j
)
dxi dyi dξ j dη j
+
∑
i< j
(
a2i b
2
j + a2j b2i
)
(dxi dx j + dyi dy j)(dξi dξ j + dηi dη j)
+
∑
i< j
(
a2i a
2
j + b2i b2j
)
(dxi dy j + dyi dx j)(dξi dη j + dηi dv j)+ · · ·
]
dS2n−3,
where terms involving odd powers of ai or bi have been omitted. Using∫
S2n−3
a4i dS
2n−3 = 3
2n
ω2n−2,
∫
S2n−3
a2i a
2
j dS
2n−3 = ω2n−2
2n
,
we get
(p1)∗p∗2
(
ρ∗1 d∧ dθ
)= ω2n−2
nω2n
[∑
i, j
2dxi dyi dξ j dη j +
∑
i< j
(dxi dx j + dyi dy j)(dξi dξ j + dηi dη j)
+
∑
i< j
(dxi dy j + dyi dx j)(dξi dη j + dηi dξ j)
]
. 
Proposition 3.3. Let M2k−1Cn be a smooth (immersed) submanifold. Then
I(M) = 1
4π2
∫
M×M
r · φ∗((θs + ϕ)∧Θk−1)
where φ:M × M \ → L+ maps (x, y) to the line going through x ﬁrst and then through y.
Proof. By the reproductive property and (4),
I(M) = − 1
2π
ω2n−1
ω2n
∫
LCn−k+1
∫
LR2n−1
( ∑
x,y∈M∩E∩
ε(x)ε(y)
∣∣〈 J u, (y − x)〉∣∣)dE d
where ε stands for the intersection sign of M with ∩ E .
Let us consider F1 = {(e, E) ∈ L+ × LR,+2n−1: e ⊂ E}, F2 = {(e, ) ∈ L+ × LCn−k+1: e ⊂ } and F = {(e, E, ) ∈ L+ × LR,+2n−1 ×
LCn−k+1: e ⊂ E ∩ } with the canonical projections
L+ π1←− F π2−→ LR,+2n−1 × LCn−k+1 \.
Consider also the commutative diagram
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p1 p2
LR,+2n−1 F1
r1
q1
F2
q2
r2 LCn−k+1
L+
.
Exactly as in the proof of Proposition 2.2 one can show that
I(M) = − 1
2π
ω2n−1
ω2n
∫
M×M
r · φ∗ ◦ (π1)∗
(
p∗1 f ·π∗2 (dE ∧ d)
)
,
with f : F1 → R as in that proof. By Lemma 2.20 in [1] and Eq. (10) therein,
(π1)∗
(
f ·π∗2 (dE ∧ d)
)= (q1)∗ ◦ (p1)∗(p∗1( f · r∗1 dE)∧ p∗2r∗2 d)
= (q1)∗
(
f · r∗1 dE ∧ (p1)∗p∗2r∗2 d
)= (q1)∗( f · r∗1 dE ∧ q∗1(q2)∗r∗2 d)
= (q1)∗
(
f · r∗1 dE
)∧ (q2)∗r∗2 d.
In the proof of Proposition 2.2 we found that (q1)∗( f · dE) = ω2nnπω2n−1 (θs + ϕ). It remains to compute (q2)∗r∗2 d. Recall that
d = π∗(dn−1 ∧ k−1· · · ∧dn−1) where
π : LCn−1 ×
k−1· · · ×LCn−1 \k−1 −→ LCn−k+1
is the intersection map. Consider the diagram
F3
r3
q3
LCn−1 × · · · × LCn−1 \k
π
LR1 F2 r2q2 L
C
n−k+1.
Again by Lemma 2.20 in [1], one gets (q2)∗r∗2 d = (q3)∗r∗3(dk). Finally, one can show with the same arguments as above
that (q3)∗r∗3(dk−1) = Θk−1. 
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